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a b s t r a c t
The well-known conjecture of Vizing on the domination number of Cartesian product
graphs claims that for any two graphs G and H , γ (GH) ≥ γ (G)γ (H). We disprove
its variations on independent domination number and Barcalkin–German number, i.e.
Conjectures 9.6 and 9.2 from the recent survey Brešar et al. (2012) [4]. We also give some
extensions of the double-projection argument of Clark and Suen (2000) [8], showing that
their result can be improved in the case of bounded-degree graphs. Similarly, for rainbow
domination number we show for every k ≥ 1 that γrk(GH) ≥ kk+1γ (G)γ (H), which is
closely related to Question 9.9 from the same survey. We also prove that the minimum
possible counterexample to Vizing’s conjecture cannot have two neighboring vertices of
degree two.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
All graphs in this paper are undirected and simple, i.e., do not contain loops nor multiple edges. For a graph G, we denote
its vertex- and edge-set by V (G) and E(G), respectively. For a vertex v ∈ V (G), by NG(v) = {u ∈ V (G) : uv ∈ E(G)} and
NG[v] = NG(v)∪ {v}, we denote the neighborhood and the closed neighborhood of v, respectively. We extend this notation
to sets of vertices X ⊆ V (G) as NG[X] =v∈X NG[v] and NG(X) = NG[X] \ X .
A set A ⊆ V (G) is said to dominate a set B ⊆ V (G), if B ⊆ NG[A]. A is a dominating set in G if it dominates V (G). The
minimum size of a dominating set in G is called the domination number of G, and denoted by γ (G).
Given two graphs G and H , the Cartesian product GH is defined as follows:
• V (GH) = V (G)× V (H), and
• (u1, v1)(u2, v2) ∈ E(GH) if and only if u1 = u2 and v1v2 ∈ E(H) or u1u2 ∈ E(G) and v1 = v2.
For g ∈ V (G) the set gH = {g} × V (H) ⊆ V (GH) is called an H-fiber; similarly we define a G-fiber Gh for h ∈ V (H).
In this paper we discuss a few results related to the following conjecture of Vizing that remains open since 1963:
Conjecture 1.1 ([13,14]). For any two graphs G and H, γ (GH) ≥ γ (G)γ (H).
See [11] for classes of graphs that satisfy equality in this conjecture. We say that G satisfies Vizing’s conjecture, if the
inequality above is true for arbitrary graph H .
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Very recently, a survey by Brešar et al. [4] summarized the current knowledge on Vizing’s conjecture and proposed some
conjectures and directions of future research. An interested reader may find more details in the following papers [2,3,5,6,1,
8,7,9–14]. One of the main lines of research proposed by Brešar et al. [4] is to study variations of the parameter γ (G) and
prove (or disprove) statements similar to Vizing’s conjecture.
In Section 2 we give counterexamples for two such statements that were conjectured in [4]. Section 3 gives some
extensions of the double-projection argument of Clark and Suen [8], showing that their result can be improved in the case of
bounded-degree graphs and for rainbow domination number (see Section 3 for precise statements and definitions). Finally,
in Section 4 we prove that the minimum counterexample to Vizing’s conjecture cannot have two neighboring vertices of
degree two, extending the list of properties from [4].
The last result is shown using a somewhat new technique: we perform a reduction on the graph G that decreases γ (G)
by one and, by carefully analyzing theminimum dominating set of GH , we show that γ (GH) drops by at least γ (H) as a
result of the reduction. This technique is somewhat new to the area of Vizing’s conjecture and we hope it will inspire more
results that exclude certain structures in the minimum counterexample.
2. Counterexamples
In this section we disprove two conjectures stated in [4] that are stronger than Vizing’s conjecture. Both conjectures are
of the form
γ (GH) ≥ min{γ (G)γ (H), γ (G)γ (H)},
whereγ (G) is some variant of the domination number that is always at least as big as γ (G). The first is about the independent
domination number and the second about the Barcalkin–German number.
2.1. Independent domination
Let i(G) be the size of a minimum dominating set of G that is also an independent set in G; it is called the independent
domination number. In other words, i(G) is the size of minimum inclusion-wise maximal independent set in G. Conjecture
9.6 of [4] states that for any graphs G and H ,
γ (GH) ≥ min{i(G)γ (H), γ (G)i(H)}.
The following proposition disproves it, as it provides an infinite family of graphs Gk for which γ (Gk)i(Gk) = Θ(k3), while
γ (Gk Gk) = O(k2).
Proposition 2.1. There exists an infinite family of graphs (Gk)k≥2, such that γ (Gk) = k + 2, i(Gk) = k2 + k + 1, but γ (Gk 
Gk) ≤ 12k2 + 8k+ 4.
Proof. A k-leaf star is a graph consisting of a central vertex of degree kwith k vertices of degree one attached to it. A 2k-leaf
two-star is a graph that is created from two k-leaf stars by connecting their centers by a new edge. Notice that an inclusion-
wise maximal independent set in a 2k-leaf two-star may contain only one of the centers, thus it needs to contain all leaves
of at least one of the halves of the two-star. So its independent domination number is k+ 1.
We define Gk to be a disjoint union of a 2k2-leaf two-star and k graphs isomorphic to K2. Let us fix k ≥ 2 and the graph
Gk. Let v1 and v2 be the two centers of the 2k2-leaf two-star. It is easy to see that γ (Gk) = k+ 2: the optimal dominating set
in Gk consist of v1, v2 and one of the endvertices of each graph K2. We easily infer that a minimum inclusion-wise maximal
independent set of Gk is comprised of the center of one star and the leaves of the second star plus exactly one endvertex of
each K2. Therefore i(Gk) = k2 + k+ 1.
Let K be the set of the endvertices of the K2’s in Gk, L be the set of leaves of the two-star, and let C = {v1, v2} be the set
of the centers of the two-star. We claim that the following set is a dominating set of Gk Gk:
D = (K × K) ∪ (C × V (Gk)) ∪ (V (Gk)× C).
Indeed, if (u, v) ∈ V (Gk Gk) \ D, then u ∈ L or v ∈ L. Without loss of generality we may assume that u ∈ L. We infer that
C × {v} dominates (u, v) in the fiber Gvk . Moreover, note that as |V (Gk)| = 2k2 + 2k + 2, we have |D| = (2k)2 + 4(2k2 +
2k+ 2)− 4 = 12k2 + 8k+ 4, and γ (Gk Gk) ≤ 12k2 + 8k+ 4, as claimed. 
In the study of Vizing’s conjecture it is often assumed that the graphs G and H are connected. We note that the
counterexample of Proposition 2.1 can be made connected: we create a graph G′k from Gk by adding a root vertex r
connected to one center of the two-star and one endpoint of every K2. It is easy to see that γ (G′k) = γ (Gk), i(G′k) = i(Gk)
and γ (G′k G
′
k) ≤ 16k2 + 12k+ 9, as we can add to the set D all vertices with one coordinate equal to r , that is, ({r} ×
V (G′k)) ∪ (V (G′k)× {r}).
2.2. Barcalkin–German number
The clique cover number of a graph G, Θ(G), is defined as a minimum number of cliques that are needed to cover the
vertices of G. Note that Θ(G) is equal to the chromatic number of the complement of G, and γ (G) ≤ Θ(G), as a set
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Fig. 1. The graph B2 . On the left we define labels for the vertices. The figure on the right shows which vertices in appropriate fibers are taken into the
dominating set of B2  B2 of size 20.
consisting of one vertex out of each clique in a clique cover of G is a dominating set in G. A graph G is edge-critical if for
any u, v ∈ V (G), such that uv ∉ E(G), we have γ (G + uv) < γ (G). The set E(G) is the collection of edge-critical graphs
G′ such that V (G′) = V (G), E(G) ⊆ E(G′) and γ (G′) = γ (G). Barcalkin and German [1] proved that whenever there exists
G′ ∈ E(G)withΘ(G′) = γ (G′), then G satisfies Vizing’s conjecture.
Let bg(G) = minG′∈E(G)Θ(G′). Clearly γ (G) = γ (G′) ≤ Θ(G′), thus γ (G) ≤ bg(G). The graph B2 on Fig. 1 is considered
in [4] and it is shown there that γ (B2) = 4 but bg(B2) = 6. Conjecture 9.2 of [4] asserts that for any two graphs G and H ,
γ (GH) ≥ min{bg(G)γ (H), γ (G)bg(H)}.
The following proposition disproves it.
Proposition 2.2. γ (B2  B2) ≤ 20.
Proof. Let us label the vertices of B2 as in its left copy of Fig. 1. Consider the following set of vertices in B2  B2:
D = {(a1, a1), (a2, a2), (b1, d1), (b1, e1), (b2, d2), (b2, e2), (c1, a1), (c1, b1), (c2, a2), (c2, b2),
(d1, e1), (d2, e2), (e1, c1), (e1, e1), (e2, c2), (e2, e2), (f1, a1), (f1, c1), (f2, a2), (f2, c2)}.
Clearly |D| = 20. The set D is depicted on the right half of Fig. 1: the label at a vertex v ∈ B2 showwhich vertices are chosen
to D in the fiber vB2. We now verify that D is a dominating set in B2  B2. To limit the number of cases we use the fact that
the graph B2 is highly symmetric. In particular, we use the following three automorphism of B2:
• πα that swaps x1 with x2 for x ∈ {a, b, c, d, e, f },
• πβ that swaps ai with di, bi with ci, and ei with fi for i = 1, 2, and
• πγ that swaps ai with ei, and bi with di for i = 1, 2, while keeping the vertices ci and fi as fix-points.
For automorphisms ρ1, ρ2 of B2, let ρ1  ρ2 be an automorphism of B2  B2 defined as (ρ1  ρ2)((u, v)) = (ρ1(u), ρ2(v)).
Observe that D is invariant with respect to automorphisms σ1 = πα πα , σ2 = πβ πγ and σ3 = (πα ◦ πβ) (πα ◦ πγ ).
We argue that using these automorphisms we may limit ourselves only to the fibers a1B2, b1B2 and f1B2.
• Fiber a1B2. The vertex (a1, a1) ∈ D dominates {a1} × {a1, b1, b2, f1, f2}. The vertices {a1} × {a2, c1, c2} are dominated by
D ∩ (f1B2 ∪ f2B2). The vertices {a1} × {d1, d2, e1, e2} are dominated by D ∩ (b1B2 ∪ b2B2).
• Fibers a2B2, d1B2, d2B2. These cases are symmetric to the case of the fiber a1B2 because of automorphisms σ1, σ2, σ3,
respectively.
• Fiber b1B2. The vertices (b1, d1), (b1, e1) ∈ D dominate {b1} × {c1, c2, d1, d2, e1, e2, f1, f2}. The vertices {b1} × {a1, a2,
b1, b2} are dominated by D ∩ (c1B2 ∪ c2B2).
• Fibers b2B2, c1B2, c2B2. These cases are symmetric to the case of the fiber b1B2 because of automorphisms σ1, σ2, σ3,
respectively.
• Fiber f1B2. The vertices (f1, a1), (f1, c1) ∈ D dominate {f1} × {a1, b1, b2, c1, d1, d2, f1, f2}. The vertices {f1} × {c2, e1, e2}
are dominated by D ∩ (e1B2 ∪ e2B2). The vertex (f1, a2) is dominated by (a2, a2) ∈ D.
• Fibers f2B2, e1B2, e2B2. These cases are symmetric to the case of the fiber f1B2 because of automorphisms σ1, σ2, σ3,
respectively. 
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3. Improving upon the double-projection argument
3.1. An alternative view of double projection
In this section we present an alternative view of Clark–Suen’s double projection argument [8], which further enables us
to strengthen their result for graphs of bounded degree.
For an arbitrary undirected graph G, let D be its minimum dominating set. Let d1, d2, . . . , dγ (G) be the elements of D in an
arbitrary order. We say that the partition A1, A2, . . . , Aγ (G) of V (G) (the sets Ai are nonempty) is consistent with the ordering
d1, d2, . . . , dγ (G) if for all i = 1, 2, . . . , γ (G) the vertex di dominates the whole set Ai. Note that di is not necessarily an
element of Ai.
For a minimum dominating set D, a consistent partition A1, A2, . . . , Aγ (G) can be constructed by assigning each vertex
v ∈ V (G) to an (arbitrarily chosen) set Ai such that di dominates v. The minimality of D ensures that the sets Ai are non-
empty.
Let A1, A2, . . . , Aγ (G) and B1, B2, . . . , Bγ (H) be partitions of V (G) and V (H), consistentwith orderings d1, d2, . . . , dγ (G) and
e1, e2, . . . , eγ (H) of minimum dominating sets of G and H , respectively. In GH , a set of vertices Ai×Bj is denoted by Li,j and
called a (i, j)-block. Let C be a dominating set in GH .
Definition 3.1. The block Li,j is called horizontally undominated if there is v ∈ Ai such that NGH [(V (G)× Bj)∩ C] is disjoint
with {v}×Bj. In other words, {v}×Bj is dominated only by C ∩ ({v}× (V (H)\Bj)). Similarly, the block Li,j is called vertically
undominated if there is w ∈ Bj such that NGH [(Ai × V (H)) ∩ C] is disjoint with Ai × {w}. In other words, Ai × {w} is
dominated only by C ∩ ((V (G) \ Ai)× {w}). A block is called critical if it is either horizontally or vertically undominated.
We call a block vertically or horizontally dominated if it is not undominated in respective fashion.
Lemma 3.2. No block is horizontally and vertically undominated at the same time.
Proof. Assume that there is some block Li,j that is horizontally and vertically undominated. Let v,w be as in the definition
of being undominated. Then the vertex (v,w) cannot be dominated from vH as well as from the fiber Gw , a contradiction
with C being a dominating set. 
Let us denote the number of horizontally undominated blocks by Γh, and the number of vertically undominated ones by
Γv . Let Γ be the number of critical blocks. By Lemma 3.2, we infer that Γ = Γh + Γv . Now, observe that γ (G)γ (H) ≥ Γ =
Γh + Γv , so min(Γh,Γv) ≤ Γ /2 ≤ γ (G)γ (H)/2.
Lemma 3.3.
|C | +min(Γh,Γv) ≥ γ (G)γ (H).
Proof. We only prove that |C | + Γh ≥ γ (G)γ (H); a symmetric argument shows that |C | + Γv ≥ γ (G)γ (H) and, hence, the
claim follows.
Consider a row of blocks V (G) × Bj. Let Cj be the projection of C ∩ (V (G) × Bj) onto graph G, that is, Cj = {v ∈ V (G) :
∃u∈Bj(v, u) ∈ C}. Let v ∈ V (G) and assume v ∈ Ai. If v is not dominated by Cj in the graph G, then, by the definition of
being horizontally undominated, Li,j is horizontally undominated. Let C ′j be the set of all vertices di such that the block Li,j is
horizontally undominated. As di dominatesAi, we infer that Cj∪C ′j is a dominating set inG and so γ (G) ≤ |Cj∪C ′j | ≤ |Cj|+|C ′j |.
Summing through all the possible j finishes the proof. 
Together with the observation that min(Γh,Γv) ≤ γ (G)γ (H)/2 and that there is always some partition consistent with
any ordering of any dominating set, we obtain the result of Clark and Suen [8] as a corollary.
Corollary 3.4. For any graphs G and H,
γ (GH) ≥ γ (G)γ (H)/2.
3.2. Improvement for the bounded degree
Let G be a graph and let A1, A2, . . . , Aγ (G) be a partition of V (G) consistent with some ordering d1, d2, . . . , dγ (G) of the
vertices of a dominating set D of G. We say that the set Aj is inaccessible if there is some pj ∈ Aj such that NG[pj] ⊆ Aj.
Lemma 3.5. If G has maximum degree ∆, then for any ordering d1, d2, . . . , dγ (G) of any minimum dominating D there is a
consistent partition with at least 1
∆2−∆+1γ (G) inaccessible sets Aj.
Proof. We construct the partition greedily. In the first phase, we take F := D. In turn, we take any vertex di from F , take its
closed neighborhood as the set Ai and exclude all the vertices from F that are at distance at most 2 from di. When F becomes
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empty, we move to the second phase where we continue with a standard procedure: for each not yet assigned v ∈ V (G)we
add v to an (arbitrarily chosen) set Ai such that di dominates v. The minimality of D ensures that all sets Ai are non-empty.
Note that, by the minimality of D, it easily follows that any vertex v ∈ V (G) has at most∆2 −∆+ 1 vertices of Dwithin
distance 2, that is, |NG[NG[v]] ∩ D| ≤ ∆2 −∆+ 1. We infer that the process in the first phase repeats at least 1∆2−∆+1γ (G)
times. Excluding vertices at distance at most 2 ensures that sets Aj constructed in the first phase are disjoint, yet taking
pj := dj ensures them to be inaccessible. This finishes the proof of the lemma. 
Lemma 3.6. Suppose that a graph G admits a partition having cGγ (G) inaccessible sets Ai and a graphH admits a partition having
cHγ (H) inaccessible sets Bj for some cG, cH > 0. Then
γ (GH) ≥ 1+ cG cH
2
γ (G)γ (H).
Proof. Let C be any minimum dominating set in GH . We follow the notation introduced in the previous section.
Let Ai be an inaccessible set in the partition of V (G) and Bj be any set in the partition of V (H). We claim that the block
Li,j cannot be vertically undominated. Assume otherwise, that there is some w ∈ Bj such that Ai × {w} is disjoint with
NGH [(Ai × V (H))∩ C]. Observe that then the vertex (pi, w) cannot be dominated by C , as pi has no neighbors in V (G) \ Ai,
thus (pi, w) has no neighbors in (V (G) \ Ai)× {w}.
A symmetric argument shows that a product of any set and an inaccessible set cannot yield a horizontally undominated
block. Therefore, a product of two inaccessible sets is neither vertically nor horizontally undominated, thus non-critical.
Therefore, Γ ≤ γ (G)γ (H)(1 − cGcH), so min(Γh,Γv) ≤ 1−cGcH2 γ (G)γ (H). Finally, use Lemma 3.3 to obtain the desired
bound. 
Lemmata 3.5 and 3.6 lead to the following consequence.
Corollary 3.7. If G has maximum degree∆G and H has maximum degree∆H , then
γ (GH) ≥ 1
2

1+ 1
(∆2G −∆G + 1)(∆2H −∆H + 1)

γ (G)γ (H).
3.3. Improvement for rainbow domination
Let G be a graph and let f be a function that assigns to each vertex a set of colors chosen from the set {1, . . . , k} which
satisfies the property that
u∈N(v)
f (u) = {1, . . . , k},
for every v ∈ V (G) with f (v) = ∅. Then f is called a k-rainbow dominating function of G. The weight w(f ), of a function f
is defined as w(f ) =v∈V (G) |f (v)|. The minimum weight of a k-rainbow dominating function of G is called the k-rainbow
domination number of G, and it is denoted by γrk(G).
This concept was introduced by Brešar et al. [6], motivated by the fact that γr1 is the domination number. They also
observed that γrk(G) = γ (G Kk) and asked if γr2(GH) ≥ γ (G)γ (H) for any graphs G,H . Observe that this question is
stronger than the Clark and Suen theorem and weaker than Vizing’s conjecture. They also consider a generalization of this
question by replacing 2 by any k. Motivated by these questions, we show the following:
Theorem 3.8. For every k ≥ 1 the following inequality holds:
γrk(GH) ≥ kk+ 1γ (G)γ (H).
Proof. Let f be a rainbow domination function of graph GH . Denote Cl = {v ∈ V (GH) | l ∈ f (v)} and C = kl=1 Cl.
Thus, C is the set of vertices with f (v) ≠ ∅ and C is a dominating set in GH . Observe that |C | ≤kl=1 |Cl| = w(f ).
Let D be a minimum dominating set of G and let A1, A2, . . . , Aγ (G) be a partition of V (G) consistent with the ordering
d1, d2, . . . , dγ (G) of D. For every w ∈ V (H) and 1 ≤ i ≤ γ (G) let us denote by an (i, w)-cell the set Pi,w = Ai × {w}. We say
that the cell is vertically l-undominated if Pi,w∩NGH [(Ai×V (H))∩Cl] = ∅. Let θi,l be the number of vertically l-undominated
cells in the column Ai × V (H) and θl =γ (G)i=1 θi,l be the number of all vertically l-undominated cells.
Firstly, we claim that for any l it holds that γ (G)γ (H) ≤ |Cl| + θl. Consider the column Ai × V (H). Define Ci,l as the
projection of the set (Ai × V (H)) ∩ Cl onto the graph H , that is, Ci,l = {w ∈ V (H) : ∃v∈Ai(v,w) ∈ Cl}. The set Ci,l dominates
the whole graph H apart from these verticesw for which the cell Pi,w is vertically l-undominated. Introducing these vertices
to Ci,l yields a dominating set of H; therefore, γ (H) ≤ |(Ai × V (H)) ∩ Cl| + θi,l. Summing through all possible i gives us the
claim.
Secondly, we claim that for any l it holds that θl ≤ |C |. Consider the fiber Gw for any vertex w ∈ V (H). Observe that
the set Gw ∩ C has to dominate all the vertically l-undominated cells in this fiber. Therefore, after incorporating all di’s
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corresponding to cells that are not vertically l-undominated, we obtain a dominating set of G. Let us denote the number of
vertically l-undominated cells in Gw by ηw,l. We infer that |Gw ∩ C | + (γ (G)− ηw,l) ≥ γ (G), so |Gw ∩ C | ≥ ηw,l. Summing
through all possiblew gives us the claim.
As
k
l=1 |Cl| = w(f ), there is some l0 for which |Cl0 | ≤ 1kw(f ). Then
γ (G)γ (H) ≤ |Cl0 | + θl0 ≤
1
k
w(f )+ |C | ≤ k+ 1
k
w(f ).
As f was chosen arbitrarily, this finishes the proof. 
4. Excluding a 2-path in a minimum counterexample
Recall that a graph G is said to satisfy Vizing’s conjecture if for any graphH we have γ (GH) ≥ γ (G)γ (H). We say that G
is a minimum counterexample to Vizing’s conjecture, if it has the smallest number of vertices among the counterexamples.
In the recent survey [4] there is a list of properties that such a minimum counterexample must satisfy, for example, it is
edge-critical and its domination number is at least 4. In this section we add one more property, which is of a bit different
flavor than the previous ones. Namely, we prove the following theorem.
Theorem 4.1. If G is a minimum counterexample to Vizing’s conjecture, then G does not contain two adjacent vertices of degree
two.
Proof. Let G be a minimum counterexample to Vizing’s conjecture, and let H be such that γ (GH) < γ (G)γ (H). By
contradiction, assume that G contains two neighboring vertices of degree two; denote them by x and y. Let a be the other
neighbor of x (y ≠ a) and let b be the other neighbor of y (x ≠ b). We have two cases: either a = b or a ≠ b.
Let us start with the first, easier, case: a = b. Let G′ be obtained from G by contracting the edge xy. Clearly γ (G) = γ (G′)
and γ (GH) ≥ γ (G′ H), thusG′ is a smaller counterexample to Vizing’s conjecture,which is a contradiction. Let us remark
that this case was already considered in [4].
Assume now that a ≠ b. Let G′ be obtained from G by contracting edges ax, xy and yb, and let z be the new vertex
introduced by these contractions. In the rest of the proof we show that G′ is a counterexample to Vizing’s conjecture, which
is a contradiction to the assumption of the minimality of G.
We first claim that γ (G′)+ 1 = γ (G). In one direction, let D′ ⊆ V (G′) be a dominating set in G′. If z ∈ D′, it is easy to see
that D = D′ \ {z} ∪ {a, b} is a dominating set in G. Otherwise, there exists a neighbor z ′ ∈ NG′(z) that belongs to D′. Clearly
z ′ is a neighbor of a or b in G, say z ′ ∈ NG(a). Then D = D′ ∪ {y} is a dominating set in G. Hence, γ (G′)+ 1 ≥ γ (G).
In the other direction, let D ⊆ V (G) be a dominating set in G. If |D ∩ {a, x, y, b}| ≥ 2, then D′ = D \ {a, x, y, b} ∪ {z} is
a dominating set in G′ which is of smaller size than D. Otherwise, either x or y needs to be in D; without loss of generality
assume that y ∈ D. As a ∈ NG[D], there exists a′ ∈ NG(a) ∩ (D \ {a, x, y, b}). Hence, a′ dominates z in G′ and D′ = D \ {y}
is a dominating set in G′, so also γ (G′) + 1 ≤ γ (G). We would like to remark that as G′ is obtained from G by three edge
contractions, this inequality also follows from Theorem 6.1 of [4], which states that after any identification of two distinct
vertices in a minimum counterexample the size of the minimum dominating set strictly decreases.
In order to obtain a contradiction, we need to show that γ (G′ H) ≤ γ (GH) − γ (H). Let D be a dominating set in
GH . Our goal is to construct a dominating set D′ in G′ H that is of size at most |D| − γ (H).
For v ∈ V (G) let us define Dv = {u ∈ V (H) : (v, u) ∈ D}, i.e., the projection of D ∩ vH onto H . We claim that Dx ∪ Dy ∪
(Da ∩ Db) is a dominating set in H . To see this, note that since D is a dominating set of GH , Dx dominates V (H) \ (Dy ∪ Da)
and similarly Dy dominates V (H) \ (Dx ∪ Db). Thus Dx ∪ Dy dominates V (H) \ (Da ∩ Db) and the claim follows. Hence,
|Dx ∪ Dy ∪ (Da ∩ Db)| ≥ γ (H).
Moreover note that
|Da ∪ Db ∪ (Dx ∩ Dy)| ≤ |Da ∪ Db| + |Dx ∩ Dy|
= |Da| + |Db| − |Da ∩ Db| + |Dx| + |Dy| − |Dx ∪ Dy|
≤ |Da| + |Db| + |Dx| + |Dy| − |Dx ∪ Dy ∪ (Da ∩ Db)|
≤ |Da| + |Db| + |Dx| + |Dy| − γ (H).
Thus if we define:
D′ = D \ ({a, x, y, b} × V (H)) ∪ {z} × Da ∪ Db ∪ (Dx ∩ Dy)
then clearly |D′| ≤ |D| − γ (H). We are left with showing that D′ is a dominating set of G′ H .
First note that {z} × (Da ∪ Db) ⊆ D′ implies that D′ dominates V (G′ H) \ zH , as D′ dominates a superset of what D
dominates in (V (G)\{a, x, y, b})×V (H). Let (z, u) ∈ zH . If (a, u) or (b, u)was dominated byD∩((V (G)\{a, x, y, b})×V (H)),
then (z, u) is dominated by D′ \ zH . If (a, u) was dominated by D ∩ aH or (b, u) was dominated by D ∩ bH , then D′ ∩ zH
dominates (z, u), as {z} × (Da ∪ Db) ⊆ D′. Finally, in the remaining case (a, u) was dominated by D ∩ xH and (b, u) was
dominated by D ∩ yH , thus u ∈ Dx ∩ Dy and (z, u) ∈ D′. We infer that D′ is a dominating set in G′ H and the proof of the
theorem is finished. 
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